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Abstract. A distributive lattice L with 0 is finitary if every interval is finite. A function
f : N0 ! N0 is a cover function for L if every element with n lower covers has f ðnÞ upper
covers. All non-decreasing cover functions have been characterized by the author ([2]),
settling a 1975 conjecture of Richard P. Stanley. In this paper, all finitary distributive
lattices with cover functions are characterized. A problem in Stanley’s Enumerative Com-
binatorics is thus solved.
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A. Preliminaries

1. The Problem

In this paper, we continue the investigations begun by Stanley in [3], in which he
studies certain distributive lattices related to the Fibonacci numbers.

Many of these lattices have the following property: whenever two elements
have the same number (n) of immediate predecessors, then they have the same
number (f ðnÞ) of immediate successors. Hence one may define a cover function
f : N0 ! N0, where N0 ¼ f0; 1; 2; . . .g.

Problem (Stanley, [4], [6], p. 157). ‘‘Can all cover functions f(n) be explicitly
characterized?’’

We answer this question by characterizing all cover functions and their cor-
responding lattices (Theorem 11.1).

In the rest of Part A we shall define our terms (§2) and state the problem
precisely (§3). Then we shall present background material more directly related to
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the problem and give some basic examples. We repeat much of the introductory
material from [2].

In Part B we shall solve the problem by doing a case-by-case analysis of all
possible cover functions. (Because of our previous work, we need only consider
non-non-decreasing cover functions.)

2. General Definitions, Notation, and Basic Theory

For basic facts and notation, see [1] or [6].
Let P be a poset. We denote the least element by 0P or 0 if it exists.
Let p; q 2 P . We say p is a lower cover of q and q is an upper cover of p (denoted

p <� q) if p < q and there is no r 2 P such that p < r < q. We denote the set of
lower covers of p by LCðpÞ. An element is (join-) irreducible if it has a unique
lower cover. Let IrrðP Þ denote the poset of irreducibles of P .

A subset Q � P is a down-set (or order ideal) if p 2 P , q 2 Q, and pOq imply
p 2 Q (Fig. 1).

The family of finite down-sets of P is denoted Of ðP Þ. For R � P ,

# R ¼ fp 2 P j pOr for some r 2 Rg;

if R is a singleton frg, we simply write # r, and #
�

r denotes ð# rÞnfrg. (Note that
# R is a down-set.)

Let P and Q be posets. The disjoint sum of P and Q, P þ Q, is the poset with
underlying set P [ Q such that p and q are incomparable for all p 2 P and q 2 Q
(Fig. 2). The ordinal sum of P and Q, P � Q, is the poset on P [ Q such that p < q
for all p 2 P and q 2 Q (Fig. 3).

If P has a greatest element and Q a least element, the coalesced ordinal sum,
P Q, is the poset obtained by identifying these two elements (Fig. 4).

The direct product P � Q is the set of pairs ðp; qÞ ordered coordinate-wise:
ðp; qÞOðp0; q0Þ if pOp0 and qOq0ðp; p0 2 P ; q; q0 2 QÞ – see Figs. 5a and b.

Fig. 1. A down-set Q of P

Fig. 2. The disjoint sum
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An antichain is a poset in which distinct elements are incomparable; a chain is a
totally ordered set. For n 2 N0, the n-element antichain is denoted �nn and the
n-element chain is denoted n (Fig. 6).

A lattice L is finitary if it has a 0 and # a is finite for all a 2 L. It is well known
that a finitary distributive lattice may be identified with OfðP Þ where P ¼ IrrL ([6],
3.4.3).

Fig. 4. The coalesced ordinal sum

Fig. 3. The ordinal sum

Fig. 5. Direct products
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If we do simply say that L ¼ OfðP Þ, then I <� J in L if and only if I ¼ Jnfjg for
a maximal element j 2 J (now viewed as a subposet of P ).

For posets P and Q, OfðP þ QÞ ffi OfðP Þ � OfðQÞ, and, if P is finite,
OfðP � QÞ ffi OfðP Þ OfðQÞ. In particular, Ofð1� QÞ ffi 1� OfðQÞ. (See Figs. 7 and
8 and [1], Chapter 5.)

Let Y denote Young’s lattice (a lattice of great interest to combinatorialists). It
is the poset of sequences ða1; a2; . . .Þ 2 Nx

0 with finitely many non-zero coordi-
nates such that a1Pa2P � � �. We will identify Young’s lattice with OfðN0 �N0Þ
(Fig. 9).

3. Definition of Cover Functions and Known Results

Let L be a finitary distributive lattice. A function f : N0 ! N0 is a cover function
for L if every element with (exactly) n lower covers has (exactly) f ðnÞ upper covers.

Fig. 6. Chains and an antichain

Fig. 7. The lattice of down-sets

Fig. 8. The lattice of down-sets
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(The definition comes from [3], §3 and [6], p. 157; cf. the definition of differential
posets in [5].)

The first three examples come from [3].

Example 3.1. For k 2 N, the constant function f ðnÞ ¼ k (n 2 N0) is a cover
function for Nk

0 (Figs. 10a and b).

[We note that f ðnÞ could take any value for n > k.]

Example 3.2. For k 2 N, the function f ðnÞ ¼ k þ n (n 2 N0) is a cover function
for Y k.

Example 3.3. For k 2 N0, any function f : N0 ! N0 with f ðnÞ ¼ k � n (0OnOk)
is a cover function for 2k (Fig. 11).

In fact, we have:

Proposition 3.4 ([3], §3, Proposition 2). If L is a finite distributive lattice with a
cover function, then L ffi 2r for some r 2 N0: (

We have constructed the following examples:

Example 3.5. For kP2, the function

f ðnÞ ¼
k � n if 0On < k,
k if n ¼ k,
� otherwise,

(

where n 2 N0, is a cover function for 1
i¼12

k (Fig. 12).

Fig. 9. An element of Young’s lattice
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Example 3.6. For kP2, the function

f ðnÞ ¼
1 if n ¼ 0,
k if 1OnOk,
� otherwise,

(

where n 2 N0, is a cover function for 1�Nk
0 (Fig. 13).

Example 3.7. The poset L ¼ Y nf0Y g is still a finitary distributive lattice [with
IrrðLÞ ffi ðN0 �N0Þnfð0; 0Þg], and it has cover function

f ðnÞ ¼ 2 if n ¼ 0,
nþ 1 if nP1,

�

where n 2 N0.

Example 3.8. Another ‘‘sporadic’’ example is the lattice L ¼ 22 �N, which has
cover function

Fig. 10. Cover functions
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f ðnÞ ¼
2 if n ¼ 0,
1 if 1OnO2,
� otherwise,

(

where n 2 N0 (Fig. 14).

Fig. 13. Cover functions

Fig. 12. A Cover function

Fig. 11. A Cover function
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Even though we have seen that a given lattice L may have more than one cover
function, any two lattices with the same cover function must be isomorphic:

Proposition 3.9 ([3], §3; [6], pp.157, 180). There is at most one finitary distributive
lattice with a given cover function (up to isomorphism). (

In [3], Stanley conjectures that the only non-decreasing cover functions are the
constant functions and functions of the form f ðnÞ ¼ nþ k for some constant k.
(He proves that no cover function has the form f ðnÞ ¼ anþ k if jajP2.) We settle
the conjecture in [2].

In Part B we prove the following (Theorem 11.1):

Theorem. If L is a finitary distributive lattice with a cover function, then one of the
following holds:

(1) L ffi Nk
0 (kP1);

(2) L ffi Y k (kP1);
(3) L ffi 1�Nk

0 ðkP2);
(4) L ffi Y nf0Y g;
(5) L ffi 2k ðkP0);
(6) L ffi 1

i¼12
k (kP2);

(7) L ffi 22 �N.

B. Solution to the Problem

In Part B, L will denote a finitary distributive lattice with cover function
f : N0 ! N0. Let P ¼ IrrðLÞ and let x1; . . . ; xm be its set of minimal elements. (It is
clear that m ¼ f ð0Þ.)

We identify L with OfðPÞ.

4. Useful Lemmas

We will use the following key lemmas repeatedly; they mostly follow from the
characterization of the cover relation in OfðP Þ given in §2.

Fig. 14. A cover function
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Lemma 4.1. Let n 2 N0. An element I 2 OfðPÞ has (exactly) n lower covers in L if
and only if I has n maximal elements in P. (

Lemma 4.2. If I ¼# A where A � P is an n-element antichain, then there are
(exactly) f ðnÞ elements p 2 PnI such that LCðpÞ � I : (

Lemma 4.3. Let q 2 P ; letA ¼ fp 2 Pn # q j LCðpÞ � #
�

qg, and let B ¼ fp 2 Pn # q j
LCðpÞ �# qg.

Then:

(1) A � B;
(2) for all r 2 P ; r 2 BnA if and only if r 2 IrrðP Þ and q <� r;
(3) the upper covers of # q in L are exactly the sets # q [ fbg for b 2 B: (

Lemma 4.4. If f ð0ÞP2, then f ð0Þ � 1Of ð1ÞOf ð0Þ þ 1.

Proof. This result is Lemma 4.7 of [2]. (

Proposition 4.5. If f ð0ÞOf ð1Þ, then one of the following holds:

(1) L ffi Nk
0 (kP1);

(2) L ffi Y k (kP1);
(3) L ffi 1�Nk

0 (kP2);
(4) L ffi Y nf0Y g;
(5) L ffi 1.

Proof. A careful look at the statements proved in [2] yields the result. (

Lemma 4.6. For all n 2 N0; f ðnÞPf ð0Þ � n.

Proof. The statement is trivial if n ¼ 0 or nPf ð0Þ.
Suppose 1On < f ð0Þ and let I ¼ fx1; . . . ; xng. Then I has, in L, at least the

f ð0Þ � n upper covers I [ fxigðn < iOf ð0ÞÞ: (

In the rest of §4 and in §§5–10, we shall assume that f ð0ÞP2 and f ð1Þ ¼ f ð0Þ � 1:

Corollary 4.7. No xi has an irreducible upper cover ð1OiOf ð0ÞÞ.

Proof. Use Lemma 4.3. (

Corollary 4.8. Let C ¼ fx3; . . . ; xf ð0Þg and let D ¼ fp 2 Pnfx1; x2g j LCðpÞ �
fx1; x2gg.

Then:

(1) C � D;
(2) for all r 2 P ; r 2 DnC if and only if LCðrÞ ¼ fx1; x2g;
(3) the upper covers of fx1; x2g in L are exactly the sets fx1; x2; dg for d 2 D: (
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Lemma 4.9. The inequality f ð0Þ � 2Of ð2ÞOf ð0Þ holds.

Proof. The first inequality is Lemma 4.6. Suppose for a contradiction that
f ð2ÞPf ð0Þ þ 1. Since fx1; x2g has, in L, at least the f ð0Þ � 2 upper covers
fx1; x2; xig ð3OiOf ð0ÞÞ, by Corollary 4.8 there are at least 3 elements z 2 P such
that LCðzÞ ¼ fx1; x2g; u; v, and w (Fig. 15).

So # u has more than f ð1Þ ¼ f ð0Þ � 1 upper covers in L, namely, # u[ # v,
# u[ # w, and # u [ fxig ð3OiOf ð0ÞÞ, a contradiction. (

5. f(2) = f(0)

Lemma 5.1. Let C and D be as in Corollary 4.8. Then:

(1) DnC has exactly two elements, y12 and y012;
(2) for q ¼ y12 in Lemma 4.3, A ¼ B ¼ C [ fy012g.

Proof. (1) By Corollary 4.8(3), DnC has exactly f ð2Þ � ðf ð0Þ � 2Þ ¼ 2 elements.
(2) By Lemma 4.3(3), B has exactly f ð1Þ ¼ f ð0Þ � 1 elements; but

C [ fy012g � A has f ð0Þ � 1 elements, so A ¼ B ¼ C [ fy012g: (

Corollary 5.2. We have f ð0Þ ¼ 2.

Proof. Assume for a contradiction that f ð0ÞP3 (Fig. 16).
Then # y12 [ fx3g has more than f ð2Þ ¼ f ð0Þ upper covers in L, namely,

# y12 [ # y012 [ fx3g; # y12 [ # y13; # y12 [ # y013; # y12 [ # y23; # y12 [ # y023, and
# y12 [ fx3; xig ð4OiOf ð0Þ), a contradiction. (

Fig. 15. An impossible scenario (f ð0Þ ¼ 3, f ð1Þ ¼ 2; f ð2Þ > 3Þ

Fig. 16. An impossible scenario (f ð0Þ ¼ 3; f ð1Þ ¼ 2; f ð2Þ ¼ 3Þ
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6. f(2) = f(0))1

Lemma 6.1. Let C and D be as in Corollary 4.8.

Then:

(1) DnC has exactly one element, y12;
(2) y12 has a unique irreducible upper cover, y012.

Proof. (1) By Corollary 4.8(3), DnC has exactly

f ð2Þ � ðf ð0Þ � 2Þ ¼ f ð0Þ � 1� ðf ð0Þ � 2Þ ¼ 1

element.
(2) In L; # y12 has at least the f ð0Þ � 2 ¼ f ð1Þ � 1 upper covers

# y12 [ fxig ð3OiOf ð0ÞÞ, so there is exactly one more element y012 2 Pn # y12 such
that LCðy012Þ � # y12. We have ruled out LCðy012Þ ¼ ;, and Corollary 4.7 rules out
LCðy012Þ ¼ fx1g or fx2g; (1) and Corollary 4.8(2) rule out LCðy012Þ ¼ fx1; x2g.
Hence LCðy012Þ ¼ fy12g: (

Corollary 6.2. We have f ð0Þ ¼ 2.

Proof. Assume for a contradiction that f ð0ÞP3 and consider the elements of
Lemma 6.1 (Fig. 17).

Then # y12 [ fx3g has more than f ð2Þ ¼ f ð0Þ � 1 upper covers in L, namely,
# y12 [ fx3; xig ð4OiOf ð0ÞÞ; # y12 [ # y13; # y12 [ # y23, and # y012 [ fx3g, a con-
tradiction. (

Corollary 6.3. The following hold:

(1) P ffi �22�N;
(2) L ffi 22 N0;

ð3Þ f ðnÞ ¼ 2 if n ¼ 0,
1 if 1OnO2

�

(Figs. 14 and 18).

Fig. 17. An impossible scenario (f ð0Þ ¼ 3, f ð1Þ ¼ 2; f ð2Þ ¼ 2Þ
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Proof. By Corollary 6.2, f ð0Þ ¼ 2; f ð1Þ ¼ 1, and f ð2Þ ¼ 1. Assume that, for
some nP1, we have x1; x2 <� y <� y0 <� � � � <� yðnÞ where yðiþ1Þ is the unique irre-
ducible upper cover of yðiÞ in P for 0Oi < n.

If q ¼ yðnÞ in Lemma 4.3, then A ¼ ; and B has 1 element, so yðnÞ has a unique
irreducible upper cover yðnþ1Þ in P .

Let Q ¼ fx1; x2; y; y0; . . .g. Assume for a contradiction that PnQ 6¼ ;. Let
p 2 PnQ be minimal. By Corollary 4.7, Corollary 4.8(2) and Lemma 6.1,
LCðpÞ ¼ fyðnÞg for some nP0. Thus p 2 IrrðP Þ so p is the unique irreducible upper
cover of yðnÞ, i.e., p ¼ yðnþ1Þ 2 Q, a contradiction. (

7. f(2)=f(0))2

Lemma 7.1. For 0On < f ð0Þ; f ðnÞ ¼ f ð0Þ � n.

Proof. The statement is trivial for 0OnO2. Assume that 3On < f ð0Þ and that
f ðkÞ ¼ f ð0Þ � k for 0Ok < n < f ð0Þ. By Lemma 4.6, f ðnÞPf ð0Þ � n. Assume for
a contradiction that f ðnÞ > f ð0Þ � n.

Then, by the induction hypothesis, there exists for 1O iO nþ 1 an element
yi 2 P such that LCðyiÞ ¼ fx1; . . . ; xnþ1gnfxig (Fig. 19).

Hence # y1 [ fx1g has more than f ð2Þ ¼ f ð0Þ � 2 upper covers in L, namely,
# y1 [ # yið2OiOnþ 1Þ and # y1 [ fx1; xig ðnþ 2OiOf ð0ÞÞ, a contradiction. (

Corollary 7.2. There is no element in P whose set of lower covers is a non-empty
proper subset of fx1; . . . ; xf ð0Þg: (

Fig. 19. An impossible scenario (f ð0Þ ¼ 4; f ð1Þ ¼ 3; f ð2Þ ¼ 2; n ¼ 3; f ðnÞ > f ð0Þ � nÞ

Fig. 18. The poset �22�N
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Corollary 7.3. The inequality f ðf ð0ÞÞOf ð0Þ holds.

Proof. Assume for a contradiction that f ðf ð0ÞÞPf ð0Þ þ 1. Then by Corol-
lary 7.2, there are at least f ð0Þ þ 1 elements y 2 P such that
LCðyÞ ¼ fx1; . . . ; xf ð0Þg; y1; . . . ; yf ð0Þþ1. So # y1 has more than f ð1Þ ¼ f ð0Þ � 1
upper covers in L, namely, # y1[ # yi ð2OiOf ð0Þ þ 1Þ, a contradiction. (

Corollary 7.4. We have f ðf ð0ÞÞ 2 f0; 1; f ð0Þg.

Proof. Assume not, for a contradiction. Let k ¼ f ðf ð0ÞÞ. By Corollary 7.3,
2Ok < f ð0Þ. Let y1; . . . ; yk be the set of all y 2 P such that LCðyÞ ¼ fx1; . . . ; xf ð0Þg
(Fig. 20). (We are using Corollary 7.2.)

Letting q ¼ y1 in Lemma 4.3, we get A ¼ fy2; . . . ; ykg, so y1 has

f ð1Þ � ðk � 1Þ ¼ f ð0Þ � k irreducible upper covers in P ; y01; . . . ; yðf ð0Þ�kÞ
1 . Simi-

larly, we have y02; . . . ; yðf ð0Þ�kÞ
2 (Fig. 21).

Now # y1 [ � � � [ # yk has more than f ðkÞ ¼ f ð0Þ � k (by Lemma 7.1) upper
covers in L, namely, # yðiÞ1 [ # y2 [ � � � [ # yk and # y1 [ # yðiÞ2 [ # y3 [ � � � [ # yk

(1OiOf ð0Þ � k), a contradiction. (

8. f(2) = f(0))2; f(f(0)) = 0

Proposition 8.1. The following hold:

(1) P ffi f ð0Þ;
(2) L ffi 2f ð0Þ;
(3) f ðnÞ ¼ f ð0Þ � n if 0OnOf ð0Þ.

Fig. 21. An impossible scenario (f ð0Þ ¼ 4; f ð1Þ ¼ 3; f ð2Þ ¼ 2; k ¼ f ð4Þ ¼ 3Þ

Fig. 20. An impossible scenario (f ð0Þ ¼ 4; f ð1Þ ¼ 3; f ð2Þ ¼ 2; k ¼ f ð4Þ ¼ 3)

Cover Functions of Distributive Lattices II 487



Proof. Assume for a contradiction that Pnfx1; . . . ; xf ð0Þg 6¼ ;. Choose a minimal
element p in this set; by Corollary 7.2, LCðpÞ ¼ fx1; . . . ; xf ð0Þg so f ðf ð0ÞÞ 6¼ 0, a
contradiction. The rest follows from Lemma 7.1. (

9. f(2) = f(0))2; f(f(0)) = 1

Lemma 9.1. We have f ð0Þ ¼ 2.

Proof. Assume for a contradiction that f ð0ÞP3. There exists a unique element
y 2 Pnfx1; . . . ; xf ð0Þg such that LCðyÞ � fx1; . . . ; xf ð0Þg; by Corollary 7.2,
LCðyÞ ¼ fx1; . . . ; xf ð0Þg.

Letting q ¼ y in Lemma 4.3, we get A ¼ ; so y has f ð1Þ ¼ f ð0Þ � 1 irreducible
upper covers in P ; z1; . . . ; zf ð0Þ�1 (Fig. 22).

Now let q ¼ z1 in Lemma 4.3; then A ¼ fz2; . . . ; zf ð0Þ�1g, so z1 has
f ð1Þ � ½ðf ð0Þ � 1Þ � 1	 ¼ 1 irreducible upper cover in P ; z01. Similarly we have
z02; . . . ; z0f ð0Þ�1 (Fig. 23).

As f ð0Þ � 1P2; # z1 [ � � � [ # zf ð0Þ�1 has more than f ðf ð0Þ � 1Þ ¼ 1 (by
Lemma 7.1) upper cover in L, namely, # z01 [ # z2 [ � � � [ # zf ð0Þ�1 and
# z1 [ # z02 [ # z3 [ � � � [ # zf ð0Þ�1, a contradiction. (

10. f(2) = f(0))2 or f(0) = 2; f(f(0)) = f(0)

Lemma 10.1. Assume that, for some nP1, there is a down-set Q ¼ �n
i¼1Y ðiÞ in P

where, for 1OiOn; Y ðiÞ ¼ fyðiÞ1 ; . . . ; yðiÞf ð0Þg ffi f ð0Þ and, for 1Oi < n; Y ðiþ1Þ is the
set of all y 2 Pn # Y ðiÞ such that LCðyÞ � # Y ðiÞ. (See Fig. 24)

Fig. 23. An impossible scenario (f ð0Þ ¼ 4; f ð1Þ ¼ 3; f ð2Þ ¼ 2; f ð4Þ ¼ 1Þ

Fig. 22. An impossible scenario (f ð0Þ ¼ 4; f ð1Þ ¼ 3; f ð2Þ ¼ 2; f ð4Þ ¼ 1Þ
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Then Y ðnþ1Þ :¼ fy 2 Pn # Y ðnÞ j LCðyÞ � # Y ðnÞg has exactly f ð0Þ elements and
LCðyÞ ¼ Y ðnÞ for all y 2 Y ðnþ1Þ. (Hence Y ðnþ1Þ is an antichain.)

Proof. There exist exactly f ðf ð0ÞÞ ¼ f ð0Þ elements y 2 Pn # Y ðnÞ such that
LCðyÞ � # Y ðnÞ; yðnþ1Þ1 ; . . . ; yðnþ1Þf ð0Þ . We claim that LCðyðnþ1Þ1 Þ \ Y ðnÞ 6¼ ;: Obvious if
n ¼ 1; otherwise use the assumption on Y ðnÞ.

Suppose for a contradiction that yðnÞ1 =2LCðyðnþ1Þ1 Þ. Then yðnÞ1 O= yðnþ1Þ1 . Hence
# yðnÞ2 [ � � � [ # yðnÞf ð0Þ has more than f ðf ð0Þ � 1Þ ¼ 1 (by Lemma 7.1) upper cover in

L, namely, the sets # Y ðnÞ and # yðnþ1Þ1 [ # yðnÞ2 [ � � � [ # yðnÞf ð0Þ, a contradiction. (

Corollary 10.2. The following hold (Fig. 25):

(1) P ffi �1i¼1f ð0Þ;
(2) L ffi 1

i¼12
f ð0Þ;

(3)

f ðnÞ ¼ f ð0Þ � n if 0On < f ð0Þ,
f ð0Þ if n ¼ f ð0Þ.

�

Fig. 25. The situation of Corollary 10.2 (f ð0Þ ¼ 2; f ð1Þ ¼ 1; f ð2Þ ¼ 2Þ

Fig. 24. The situation of Lemma 10.1 ðf ð0Þ ¼ 3; f ð3Þ ¼ 3Þ
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Proof. Build, by induction, a down-set Q isomorphic to �1i¼1Y ðiÞ using
Lemma 10.1, where for iP1; Y ðiþ1Þ is the f ð0Þ-element antichain of all elements
y 2 Pn # Y ðiÞ such that LCðyÞ � # Y ðiÞ.

Assume for a contradiction that PnQ 6¼ ;; choose p 2 PnQ minimal. Then
LCðpÞ � # Y ðiÞ for some iP1 but p 2 Pn # Y ðiÞ; hence p 2 Y ðiþ1Þ, a contradiction.

The last part is clear. (

11. The Characterization of Cover Functions

Theorem 11.1. Let L be a finitary distributive lattice with cover function
f : N0 ! N0. Then one of the following holds:

(1) for some kP1; L ffi Nk
0; and for all n 2 N0,

f ðnÞ ¼ k if 0OnOk,
� otherwise;

�

(2) for some kP1; L ffi Y k; and for all n 2 N0; f ðnÞ ¼ nþ k;
(3) for some kP2; L ffi 1�Nk

0; and for all n 2 N0,

f ðnÞ ¼
1 if n ¼ 0,

k if 1OnOk,
� otherwise;

8<
:

(4) L ffi Y nf0Y g; and for all n 2 N0,

f ðnÞ ¼ 2 if n ¼ 0,

nþ 1 if nP1;

�

(5) for some kP0; L ffi 2k; and for all n 2 N0,

f ðnÞ ¼
k � n if 0On < k,
0 if n ¼ k,
� otherwise;

8<
:

(6) for some kP2; L ffi 1
i¼12

k; and for all n 2 N0,

f ðnÞ ¼
k � n if 0On < k,
k if n ¼ k,
� otherwise;

8<
:

(7) L ffi 22 �N; and for all n 2 N0,

f ðnÞ ¼
2 if n ¼ 0,

1 if 1OnO2,

� otherwise.

8<
:

Moreover, the functions listed are cover functions for the corresponding finitary
distributive lattices.
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Proof. If f ð0ÞOf ð1Þ, we get (1)–(5) by Proposition 4.5.
If f ð0Þ ¼ 1 and f ð1Þ ¼ 0, then L ffi 2 and we get (5).
Hence we may assume that f ð0ÞP2 and, by Lemma 4.4, that f ð1Þ ¼ f ð0Þ � 1.
If f ð2Þ ¼ f ð0Þ, then f ð0Þ ¼ 2 by Corollary 5.2, so f ðf ð0ÞÞ ¼ f ð0Þ. By Corol-

lary 10.2, we have (6).
If f ð2Þ ¼ f ð0Þ � 1, then, by Proposition 6.3, we have (7).
By Lemma 4.9, we may assume that f ð2Þ ¼ f ð0Þ � 2.
If f ðf ð0ÞÞ ¼ 0, we have (5) by Proposition 8.1.
If f ðf ð0ÞÞ ¼ 1, we have f ð0Þ ¼ 2 by Lemma 9.1, so f ð2Þ ¼ f ð0Þ � 1.
By Corollary 7.4, we may assume that f ðf ð0ÞÞ ¼ f ð0Þ. By Corollary 10.2, we

have (6). (
Thus the problem in Stanley’s Enumerative Combinatorics is solved.
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